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TRCHNICAL MEMORANDUM NO. 814

EXPERIMENTAL STUDIES OF THE ®FFRECTIVE WIDTH
OF BUCKLED SHERTS '

By R, Lahde and H. Wagrner
SUMMARY

Airplane design makes frequent use of thin sheet metal
or plywood shells which buckle under shear and compression
stresses, althougch some support is given at the point where
sheet and angles Jjoin, S8So far as it deals with the absorp-
tion of compressive stresses this fact is allowed for in
the calculation by introducing a participating stress bear-
ing or "effective width", i.e., a part of the sheet section
of certain width is allocated to the section of the edge
stiffeder.

The object of the present experiments is a more exact
determination of the effective width for the case of pure
compression and of the sheet clamped at the angle section.
From the experimental data on the effective width the cal-
culation of the buckling load of an ancgle joined to a thin
sheet is then deduced. The experimental results for simul-
taneous appearance of transverse forces in the buckled
sheet (tension fields) aré reserved for a cont1nuat10n of
this article in a subsequent issue.

INTRODUCTION

No direct elongation measurements were effected on
the experimental sheets themselves by the test method em-
ployed in the determination of the "effective width"*»*
althouegh we did measure the elongation and spacing of the

*"Versuche z2ur Brmittlung der mittragenden Breite von ver-

beulten Blechen." Luftfahrtforschung, vol. 13, no. 7, July

20, 1936, pp. 214-223.

¥*Thjs "effective width" in the buckled sheet has absolute-
1y nothing to do ‘with the much discuszed effective width

at the point of load applications. -
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two anegle sections of the specimen sheet, The inclina-
tions of the sheet caused on the experimental sheet itself
as a result of buckling were determined by a special in-
strument, - o : -

Therefrom we computed:
1) The flexural stresses,

2) The mean compressive stress of every strip running
in the direction of the compressive stress,
that is, the mean compressive stress distribu-
tion over the sheet width and from it the "ef-
fective width",

3) The mean axial stress transverse to the compres-
sive direction.

A slight transgression of the buckling load is fol-
lowed by sinusoidal folds or wrinkles in longitudinal 4i-
rection. But when the stress in the angles exceeds mors
than about 20 times the buckling stress of the sheet, the
edge manifests intermediate wrinkles (fig. 1).

The most important results of the experiments are the
following:

Let o be the stress in the angle section at duck-
lineg of the sheet, and ¢ the ultimate stress in the an-
gle (after bucklineg). The compressive load P carried

by the sheet then increases beyoni the buckling load P
of the sheet. By a sliecht overstepping of the buckling

o)
load (up to about 5 — = 3), the formula
k

[9)
P = Py 5= . (1a)
v Yk

yields correct values for P, while for considerable ex-
cess beyoni buckling load the formula

P=kp /L (1b)
%%

is aﬁplicable. (The experimental values k are shown in
figure 8; k finally increases to 2.)
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Equation (la) is retained for sheets restrained at

the edge. As regards sheets freely supported at the edge,

Schnadel's calculations (reference ‘1) reveal that (la)’

is applicable nlso when the excess is small., Moreover,

in this case it may be expected that the load supported

by the sheet is higher than given in (la) by comnsiderably
exceeded bucklineg load. These facts would seem to susegest
that equation (la) is for any possible case a safe measure
of the load supported by the sheet.

The stress Ok as well as the bucklineg load Pk ile-~

peni upon whether the compression of the edge stiffeners
bouniine the sheet is accompanied by a change ey t in

its spacing or distance t. TFigure 3 gives o) azainst:

e ¥
g% , with e denoting the temporary specific compres-
sion of the angle sections (that is, ey = %). The buck-

ling load Pk of the sheet follows from the stress Oy

in the angles at:

Sy
1+ v~
X
PKZO_ktS 2
1 -v
b= Poi ' ti0 (v= =
= Poisson's ratio \1._ 3

In airplane design it is customary, when determining
the stress set up by a given compression in the angle, to
allow for the load quota of the sheet by an effective
width bp,. The experimental k values of figure 2 permit
the calculation of this width :

1+~
, v//EE €x
by, = 0.5 k ¢ - T
m L
. ex 1 - v®
*The curves were taken from the report: ."Uver KonstrukJ

tions-unl Berechnunesfragen des Blechbaues" by Herbert
Nagner, ¥.G.L. Yearbook, 1928. The curve for clamped
sheets was corrected by several points computed according
to Reissner's method. :
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of the particular strip on each sidie of the profile (see
f1g 5 for example).

For the case of the sheet clamped at the edge and
constant spacing of angles (ey = 0) the present experi-
ments disclose : : o
s *

v ex

b = 1.2 k

For sheet clamped at the edge and any eiven variation
in spacing of the edge stiffeners it is

e.
1 +v—i
—_—t%

bm =D =
whereby 2 b is read from figure 4 .for rough calculations
t .
by =0

is acceptable.

Moreover, the value of figure 4 is approximate-~

) t
ly applicable to supported sheets.

These 1ata can egually be used for the calculation of
the buckline load in a section joined to a thin sheet.
The bucklineg load of an angle depends upon its bending
stiffness. The proportion of the sheet on the berding
stiffness is governed by the compressive stiffness of the
sheet. In the determination of the inertia moment of the
angle this is allowed for by the inclusion of a strip of
corresponding width b', For this width b' the experi-
ments for clamped sheets give the value read in figure 4
which, for small transgression of the buckling load at
least,is approximately valid even for superposed sheets.
The additive sheet area therefore is:

*Be it noted that the values b and bm a8 shown in

figure 5 refer to only one side of the sheet. If the
sheet, as in the majority of cases, extends to both sides
of the angle, the double value, that is, 2 b 'and 2 b,

respectively must be employed.
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T (1e)
in the determination of the stress in the ééétién; and’

e
1+ v —
ex 2 b!

1_"_.1)2.'5

- <“fj«A—“..i..ﬂuq___um?.!-,—herv-n—ﬁ.- L
t
<]

(1d)
in the deférmination of the ineffié.mdment;of the éection.
RESULTS

~ Visualize a flat .sheet with an angle (section), both
sheet and angle being of infinite .length. At the edge
stiffener itself the sheet is secured azainst buckling by
adequately close rivet pitch or by clamping between two
angles. K ' '

Now sheet and section are compressed so that both un-
dergo the same amount of shortening. The sheet outside of
the edge stiffener bucklses as a .rule. 'One piece of the
strip I-I of the sheet forms wrinkles whose developed
length 1,'. though less than the length 1 of the un-
stressedl section or plate strip, exXceeds the length ly
of ‘the compressed section. This is the reason the mean
compressive stress Ox of this strip is generally lower
than the stress in the section. With increasing distance
from the section y the stress in the sheet continues to
drop and becomes very low at greater distance. The area
below curve Ox = £(y), multiplied by the wall thickness
s, gives the carrying power of the sheet. The width of the
rectangle of equivalent content and height equal to the '
stress existing in the sheet in compressive direction if
the sheet did not buckle, is called the effective width ©b*.

*The term effective width b was chosen since as regards
this b - the test data lend themselves to simple represen-
tation even by.existence of a transverse elongation e
within the limits of ‘experimental accuracy. At the instant
of buckling it is in every case b = 1/2 t. On a previous
page the effective width by was referred in accord with
the hitherto usual, to the stress in the angle section. The
equations with this b, become more complicated by the fac-
tor ey
bm _ 1 + v ox
b 1 - pe
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Consider the sheet strip of width b held at both
edges between sections.. The effective width b, (fig. 6)
now depends fundamentally on the-dimensions of the strip
(t, s) and on the shifting of the angle sections, that is,
on their compressive elongation ex* as well as their in-
evitably different spacing ey t. The thus defined quan-
tity ey has the dimension of an elongation.**

Consequently

b = Fley; ey,; t; s)

.This type of relationship may be simplifiei by dimen-
sion method (Appendix). It gives

b SN
;zy(.z-ix) (2)

whereby e, is that compressive eloneation in . x direc-.
at which the sheet buckles. As the buckling eloneation

. _ . _ o N
is proportional to | - ' , equation (2) may also be.

written as.

S fen(EY ] @

[ .
Now the effect of P was,.according to our experi-
% .
ments,. small within the range usually under consideration
e b ) : -
(fig. 13). For the case L - O, ¥ is only more affect~

€x

ed by the amount by'which the buckling load is exceeded.

*By ey
+in  x direction, in contrast to elongation e
separate sheet element in =x direction.

is' meant the mean elongation .of the whole sheet
x 0f the
**Mutual displacements of both angle sections in longi-
tudinal direction, that is, the appearance of the trans-
verse stresses in the sheet, are disregarded here, as
this case is treatecd in a subsequent report on the same
subjeect’. T -
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a .
LR (_x> [ <E\ ] (3a)
s/
Figure 7 shows % Dlotted agalnst the amount by
which the buckling load gf is exceeded. But when this

is quite considerable it is advisable to resort to figure 8,

e .
Figure 8 discloses that for Ei > 3 the effective

width b  is computable with sufficient accuracy from

N sY¥ E
AOEERAON- ()

This relation (dashed line) is shown in all diagrams.
It always runs along the lower boundary of the test points.

ot o
]

It is probable that when gi increases the value

b Jex approaches a fixed limiting value which, after ex-
s .

trapolation, would give 2.22. In view of this, the func-
tion Esﬂ/ex-= 2e2 1is shown as asymptote in dash-dots in

the diagrams,

Once the buckling load has been excecded, the effec-
tive width b diminishes quite rapidly, according to fig-
ure 7. Nevertheless, the load taken up by the sheet con-
tinues to increase with increasing stress.

Figure 9 shows the load supported by the sheet in com-
parison to the load carried at buckling; that is, value
gl against the amount of exceceded buckling load.
k
Figure 10 illustrates the (mean) compressive stress
plotted against the width of the sheet strip for varying-

e
ly exceeded buckling load. It is noted that at E§.> 50,
. _Zk

5
Here e 1is the fheoretical buckling elongation which for
ey = 0 yilelds ep = 4.78 ( - The experimental curves

are, so far as this is possible with the unav01dable irreg-
ularities of test sheets, in agreement with this figure.
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contribution of the middle part of the sheet to compres-
sion is most likely at an end, and at any further increase

of SE the effective width b probably becomes unaffect-

ed by the stiffeners. This would be identical with the
above voiced conjecture according toéwhich 2 N ey tends

. X .
toward a fixed limiting value when e increases.

Cumulative with the compressive stress in the edge
stiffener is the flexural stregs due to buckling. The
resultant bending compressive stress always becomes mexi-
mum at a certain distance from the angle section, as seen
"in figure 11, By minor everstepping of.the buckling load,
thig maximum lies in the center of the strip; by more
marked overstepping, 1t is closer to the edge. Then the
resulting compression-bending stress is lower again in the
"eenter and becomes, in the extreme case of infinitely

exceeding the buckiing load (gk = O>, equal to zero. It
bd

is only when the buckling load is slightly exceeded that
the resultant stress of the sheet lies substantially (80
percent) above the stress in the angle section., Conse-
quently, if the sheet poscesses precisely a value eof g
so that it buckles a little prior to reaching the yield
voint, it is almost simultaneously followed by an appreci-
able stress above the yield point, and a large portion of
the sheet loseg its capacity of support unless the sheet
is so thin that it buckles substantially before the yield
point in the angles has been reached - in which case the
resultant stress in the sheet is then only slightly higher
than the stress in the edge stiffeners, up to near the
yield pecinte.

The mean stresses transverse to the compression di-
rection Gy were also computed. Figure 12 illustrates

the ratio of this stress to the stress Oxg exigsting in
€x

the assumedly nonbuckled sheet versus g;. Here the scat-

ter of the test points is comparatively greater on account
of the small absolute quantity of this stress. However,
the measurements reveal a compressive stress of the magni-

tude of Ey = D GKB in trangverse direction at the very

instant of buckling, and a2 rapid drop in this compression

e . . e .
as Eﬁ increasegs. High valueg of E¥ are accompanied by
X

trénsverse tension stresses Ey of the order of magnitude
of 0.08 GXB.
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All test data so far refer to the case that no mutual
displacement of the clamping rails occurs transverse to

"the direction- of loading (ey-= 0) which, in fact, was

practically realized in the majority of the tests. But

for checking the effect of gl, the tests were made with
’ X

artificially produced transverse shifting of the cheeks
and the results plotted in figure 13. The discrepancies
of the points from the tests without transverse elongation
(heavy line) lie almost within experimental accuracy.

This means that the test data for the experiments
without transverse elongation are equally applicable - and
with practically sufficient accuracy ~ to cases of any
transverse elongation within the range 0.4 > gx > - 1

_ b:d
and, particularly, for the case of compression members
freely displaceable in transverse direction (Gy = 0).
Even the curves (figs. 7, 8, and 9, as well as fig., 2)
have this general validity when the gquantities %, gﬁ,
ﬁi, or the particular given functions of only these quan-—

k
tities are utilized as coordinates.

On the other hand, the test series of the five points
with the highest figures would make it appeatr that in this

s L s . e . s
range a positive transverse elongation <EZ negat1ve> in-
: X

duces a slight increase in effective width b. Experi-
ments with greater compressive elongation in transverse
direction were omitted because of the very irregular
wrinkling. Figure 14 shows the ratio of buckle length 4
in sheet center to sheet width t versus g% .

CALCUiATION OF BUCKLING LOAD OF EDGE STIFFENERS

The buckling load Qg of an angle section riveted to
a thin sheet wall depends upon its bending stiffness. The
width of the sheet strip, which may be considered by the
determination of inertia _moment I, 1is governed by the
compressive stiffness 5%— of the gsheet. The width of
x

this strip must be well differentiated from the effective
width b as regards load absorption. Both widths have
one thing in common: Both are dependent on the stress and

on Z2=x,
ekt



10 N.A,C.A. Technical Memorandum No, 814

The calculation of the compressive stiffness of the
sheet proceeds from (equation 1b): .

P=kop /32X
ek
whereby e
].""IJ'é"z
Py = t s B ey _T_:~;g§

Thig term must be differentiated according to ex.:
The result will depend upon the mean elongation transverse
to the compressive direction ey, when ex changes. A4nd
that is a question of constructive formation not always
easy to answer in the individual case.

We shall consider two extreme cases, which cover most
of the cases encountered in practice:

On reaching the buckling lecad, a deflection of the
angle section ~ that is, a change of ex 1in the sheet is:

1) not accomvanied dy a change in the existing ey »
ae
that is, ==% = 0;
aex

2) acconpanied by a change in ey proportional to
e
A

ex, that is, ——=% . = 0O,
3 ey

In the first case, the calculation of the compressive
stiffness of the sheet gives:

oF =tsEf5/%g@_.vﬁ)
aex 1‘1}2 LE ex ex

<1y Y] (5)

25 / Sk x
€x

The stiffness of the sheet being EEEB% provided it does

not buckle under the cited assumptions, the bracketed
value represents the reduction in sheet stiffness caused
by the buckling.
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In the second cage it is:

y -
+ A
3P _ 1 v ex | k €y 1 ok ey
8F _ 4 op__—__ox|k [k _1_3 ekl ()
oex 1 - 2 ex k ©x

t s B —————-—2%, and the bracketed term the decrease in

stiffness due to buckling.

Now the difference between the two computed bracketed
e e
vy P

terms disclosed by the factors 1 - v =< and 1 + v ——
e x ex

. g . . :
is so small by the s occurring in practice as to be

negligible in view moreover of the existing scatter of the
test data. It is therefore recommended to use in every
case the most easily computed value:

o D! _k /& 1 9k &
YR /T

illustrated in figure 4, as basis of the calculation. The

values k and _ 9k __ were taken from the curve, figure 2.

When computing the inertia moment I of the whole
angle section in case the gheet did not buckle, the value

°y
bt 1 + v e
a width of sheet strip t S~ —E————gz is to be inserted
-V

(in similar manner as for defining Karman's buckling modu-
lus after exceeding the yield point) and, specifically,
both with regard to inertia moment .I and the center of
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pressure to which this is to be referred.

Summarizing: With @, +the total compression on
'sheet angle section

Fp,:area of angle section, and
t s, area of sheet belonging to
the angle section,

the angle section is subject to a pure compressive siress:

- Q _ Q
T R TE R, s

provided that ‘he effective line of the force  ©passes
through the common center of pressure of section area and
effective sheet area 2by s« To check whether or not
buckling takes place, the value 2 %} (fig. 4) must be

. . g ex
determined for this stress o, or oy pr o’ respec-—
tivelys As regards the determination of the total inertia
moment I, as well as of the center of pressure to which

°y
1 +v ==
I is to be referred, the sheet area 2b! s —————x% is to
be inserted., 1 -V

These arguments appnly to sheets clamped at the edge.
No experimental data are available for cases in which
other buckling conditions existed. Even so, if in such
cases the buckling load is known, one is always on the
safe side when expressing the load absorption of the sheet

with
P = P. fz
£ ®x

and its stiffness in compression with

On these premiges the total sheet area to be added to
the sngle section is:
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when determining the stress in the angle gection, and

e e
J y .
=L L S - el S Lo
1 - v° t 1.- v .24/ ©x

for the inertia moment of the angle section,
Illustrative Example
Top stringers of a flying-boat hull, figure 15

Given: Compressive stress to be
transferred by an angle

1}
o
w
O.
~
(15e}

section P

Inertia moment of section - Iy = 0.15 cm?*
Area of gsection Fp = 0,4 cn?
Digstance of center of gravity e = 0.7 c¢m
Thickness of sheet s = 0.06 cm
free buckling length of sec-

tion (frame spacing) 1 = 60 cm

Since in this particular case the clamping by rivets
is not complete, while the sheet strip lying between the
two rivet rows is fairly well secured, we estimate the ef-
fective width to be equal to that of a sheet rigidly re-
strained in the gsection center. v

The compression ey of the sections is to be accom=-

panied by their increased spacing ey t so that ey = -
0. eze For ;X = - 0.1, the curve for clamped sheets in
. x

figure 3 discloses:

2

2 2 )
k
Or = 541 E (é) = 5.1 x 7 00 /9;9§> = 32,2 £&_
k ; x 700,000 {9=3 -5

The compressive stress ¢ in sheet and section is obtained
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bv successive approximation. We first appraise o = 450
_ C for _ . .
kg/cma, whence 7; = 0,27. From curve, figure 4, fol-
lowg: 2 % = 0442, Disregarding the transverse contrac-—

tion cursorily - that is, putting the total effective
width egual to 2b, the total effective cross—-sectional
area of sheet and angle section is

F = Ced + 0442 20 0.06 = 9,9 cm?

and o = 500 $Bg,
cm

Cwing to the omission of the transverse elongation,
o will lie slightly below 500 £2_.. With o = 490, it

is: cnm .
o 1 +v X
k b bm €x
~L = 042563 2 — = 0,41; 2 -8 = 0,41; —— 2% = 0,44
o t t 1 -v
F = 0,925; o = 486 L&
.ecm

The agreement is sufficiently exact,

The effective width with regard to the buckling load

1
of the angle section now becomes 2%_ = 0,256, according
to figure 4, and the effective sheet areca is Fp' = 0.3275

cm®, The center of pressure location is now as shown in
figure 16. The calculation of the inertia moment of sec-
ticn plus effective sheet relative to this center of pres-~
sure gives:

I = 0,246 cm?

The Eulerian crippling load (1 = 60 cm) becomes Py = 473
kg; that is, the stipulated 450 kilegrams are actually
carried (fig. 16),

Centrical application of load is in the present ex-
ample assured by the type of load divigion in the long
sections extending over several bulkheads.

Lastly, we determine the maximum stress in the buck-
ling sheet by superpcsing the flexural with the axial
stresses.,
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Stress in compressive direction in the angle section:

becomes according to figure 1ll:

Jmax _ 1.3, that is, O = 30 X&_
Gsection ’ max. ) cm?

" DESCRIPTION OF EXPBRIMENTS

The test material consisted of sprineg-hardened brass
sheet, about 600x130mm of 0.1, 0.2, 0.4, and 0.6 mm gacge
which had been given a permanent elongation of 0,035 in
the testing machine prior to clamping in order to voild the
stresses due to volline. The elasticity moAduli of these
sheets were not in themselves necessary because the evalu-
ation pertained solely to deformation comparisons. Still,
one test was made which disclosel the elasticity modulus
to be sufficiently constant for the stresses of the ex-
perimental range. In view of the unlike expansion coef-
ficients of the testing material (brass) ani the test
equipment (steel) the temperature of the room ani of the
entire equipment had to be kept constant at +0.3° so as to
avoid appreciable thermal stress. :

The test sheet was clamped in the machine with as 1it-
tle stress as possible, Thenthe sheet was subjected to
longitudinal strain in (in gcneral) - both directions, caus-
ing the sheet to buckle. The setup also permitted the ap-
plication of transverse loads on the test sheet.

To assure compression in longitudinal direction (figs.
17, 18) the sheet was clamped at the two longitudinal
edges between two sets of duralumin rails B held by
screws H, These clamping rails are pressed by slanting
screws S against the very precisely machined guide sur-
faces of the very rigid guide rails K. The sheet is
clamped at the upper ani lower edgesSbetween cross pieces
attached to the clamping rails. Then- the screws S are
temporarily loosened -anil the clamping rails and the test
sheet are compressed in longitudinal Airection, This is
effectedl by tightenine the screws R. The tensile stresses
appearine as counter effect are taken up by separate ten-
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sion members C, shown to right and left of the test sheet
in figure 18, The compression of the clamping rails was
recordedl on self-manufactured iartens cgages of 200 mm tesdt

leneth, The record was checked durine overloading, yield-
ing discrepancies of 1 percent as a rule, and 2 percent in
one case,

The length of the cross beams J mounted on ball
bearings to the two zuide rails was adjustable, making it
possible to subject the sheet alsoc to elongations trans-
verse to the longitudinal direction., With this in view,
the weak center piece of the cross becams lyineg outside of
the connecting line of the ball bearings was elastically
twisted. The vending momont necessary for this was ob-
tained by tightening of the turnbuckle E. The approach
of the guide rails obtained was recorded on four dial
gages M. This parallelogram guide system made direct ap-
plication of transverse loads ani the shifting of one guide
rail relative to the other possible. For the experiments
without transverse stress the weight of the guide rail, etec.,
was balanced by a counter weight UW.

The slope of the buckled sheet was read on the slope
gage, (fies. 19, 20) whose deflection was indicated by a
glass pointer with metal tip on a finely graduated glass
scale. Both slope ¢age and glass scale were mounted on a
small tube which was easily shifted toward the sheet.

As this tube, together with the slope ga<e, pivoted
exactly throusgh 900 it was possible to record the slope of
the sheet in perpendicular and horizontal direction

Al . To assure reachineg the individual test

('aw. _aw
\J X 0O

points, the entire setup was mounted on a slide which was
horizontally andl vertically adjustable.

Altogether 29 different loadine conditions were meas-
ured, 18 of them with constant spacing of stiffening sec-
tions (ev = Q), besides 11 tests with transverse elonga-
tions e, of certain magnitude. The average number of
slope measurements in each loadinz condition was 600,

Figure 21 illustrates the measuredl slopes in longi-
tudinal (x) Airection for a certain sheet. The figures
seen near the curves denote the distance of the curves.
from the edge. One can sece the divergence from the sinu-
soidal course of the slopes at the edge caused by thrust
in intermediate wrinkles,
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APPENDIX

Calculation of mean stresseé'ffoh the recordéd deform-

ations*.~ In the coordinate system, figure 22, £, N, and
w represent the displacement coordinates, and x and y.

the runnine sheet coordinates.
Notation
t, widith of sheet
i, length of integration range in x direction

stresses in center of sheet,

O'X O'y T,
O Ey T, mean values of stresses, averaged in x direc-
tion
€y Ey Y, deformation guantities in central area of
sheet
ey ey g, mean deformations of total field
te ~ fo Ty = Ty o ty - &
ey = = ) By = v & = -
X 1 y t %

o) c& T3, stresses existing in the field deformed with
X B B | . . s
ex, €y, £ in case the bucklineg is prevent-

ed.
1 .
v = E transverse contraction factor.
X 1 1/70m\% x 1 l /ow
T em— — Is ;J = — dX'
Txx 21{ ax> 1= Jyy 21 A ~dy>
1 0w gm
JX = - fl 2z a x;
Xy 110 \ax ay
Xy 1 t .1 <aW >2
Jxx = - Py a x4 ]
XL 21 ¢ o{ ox 7
DL S fz(éf—\\z i xdy
YY 21t o, 5 NOy/ ’ )

*In view of the report on the experiments with transverse
stresses in the sheet,which is to follow, the necessary
formulas are repeated here.
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For every point of the sheet (cf. Féppl: Orang und

Zwang)
o] o d ¢t 1,0 wN2 ' '
L S (70)
B m % d x 2 . )
o] ro) o w2
(_7_1__1_:-5 :—__»q-+ <_..._ (7b)
E E m v oy d x _ .
o) o mn 3w o w
G _ d ¥ 9 X 3 X 0VYy

or, solved according to the stresses:

o O o 5] e
E 3 x z\ax ay 2 M3y’
2 O amn 1 rat 3 3 w2
(1 - v2) % = + = ( o — 2 (ZIV] (o
B d v 2 M3y L3 x 2 Y3 x”7 |
3 ¢t am 3d3wdw
—= T + (10)
G 3 3 x 3 X 37¥

Formulatine the mean values by integration over x

C.

2 o m
X = V.23 X
(1 -v) - ey + Jxx + v ( J; 3 7 X + JYY) (1)
a0, L 1 &M x x
(1 -0 ==y ——ax +7__ + v (ex +J_) (12)
E €0 Oy vy o
T 1 13an 1 19 ¢
-—==-/ =——dx+—-/ —4dx+ = (13)
G e o Ox e o Oy . Xy
: - L 1anm -
¥e then eliminate = jo S—— 1 = from equations (11) and
e . ¥y

(12):
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E;.=.§x + Jxx-+ v T (14)

\-ZI

By intezration over y equation (13) gives: .

xy

-
G
We average equation (12) over y and write the value for

. o
= Oy in equation (14):

- - i
e e v v (o + 77 w2 ¥ L m gt ag

x
+
1~ p2 L « 7 XX | XX

In order to Adetermine the total load absorbel by the
sheet, this equation must be multipliei by the sheet thick-
ness and integratedl over y from o to (A

t B s t x xy]
T F 1 ex + V (e + J y\ + J (17)
N vy -/ XX i

As the effective width b 1is referred to the stress

o existineg in the sheet at equal e

xp x' ©y when buckling
is prevented, iﬁ is
P
b = 5
o) S
X3
For the case ey = 0 it becomes
ey B
Ow- =
XB 1 - 2
that is, .
. . P(1 - U2> ‘ .
p o= 2 (18)

2 B GXB S

A1l the guantities on the right-hand side.of (17) are
obtained from the actual measurements.
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aW aw
The slopes =—— and =—— necessary to define the
. s d x . 3y _ ;
integral values Jii and 'J;g were known only at the

individual test points. The latter were cChosen so closely
together that the integral was replaceable by sums without
appreciable error.

The finite distance of the points of the slope gage
(5 mm) causes an instrumental error which in first approx-
imation is rroportional to the second derivation of the

: 3 . .

slope (for example S—Z->,. To correct this error this sec-
X

ond derivation was determined from the recorded slopes in

the adjacent points. '

An apalysis of the eguilibrium of the mean sheet fider
revealed a vrossibility of checking the longitudinal elonga-
tion ey recorded with the Martens instrument. The process

is briefly as follows:

The form of the sheet was approximately represented by

g—: = @, sin ET’E (1 -ay®-1vy") (19)

which actually is quite correct in the vicinity of the mean
fiver; y 1i1s measured from the center of the sheet. The

values @o, a, and b can be obtained from the values Jxx

known from the tests for y =0, ¥y = ¥y1; ¥ = ¥2; 1
itself is known from the measurement direct.

e proceed from the equilibrium condition of a part of
the median fidber in the form:

) 4 4 4

2 & o w 3 w 3 w
Cx s Cl LA Uy s 0 Z = 3 ( - + 2 — — + ;3

3 x 3 ¥ d x 3 ¥ 3 y2 3 y*/

There are no shear stresses for reasons of symmetry.
B is the bending stiffness of the sheet. This assumed
function inserted in equation (19) and with y = 0, wvoids
50 cos ETE, so that all terms become free of x and y.

In this relation Dbetween Jy ani1 Oy these two guantities
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can be replaced by the mean values Ex and Ey. after
‘which ey can be obtained from equations (14) ani (16).
This methol was followed for checking the entire test

measurements. For '%i.é 15 +the Adata were at variance
with those of the Martens instruments. The discrepancy

between the assumedl ani the actual sheet form noticeable
at the hizher powers of y in equation (19) are more

ex
pronounceil. For Ek > 15 the agreement is fairly close
e
(2 percent discrepancy at the most). For very hieh X
e
k

a very accurate knowledge of ey is necessary with re-

gard to the determination of the effective width b ac-
cording to (17) or (18). Andi here the last described meth-
od gives very reliable and accurate data for ex.

Dimensional Analysis

The eguilibrium on a rectangular sheet element is de-
fined by

(2]
(=3
2

. Ox 0% W 27 3 oy, O
K s A A ws= —> + *y LA 4 il
E 3 x8 E 3 X3V E 5 y®
9 Ox 3 TX:)’ = 0
3 x 3y
3 O‘y ) TXY 0

There are six more equations for the deformation and
stress guantities:

g£ = ——l“—: (€x + v Cy)

E 1 - =

% 1

_X.:————-————(G +UE)
X

E 1 —IF y

T m
- —_—Y
g 2(m + 1)
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_ 53¢ 1'~3 e
: Jd x 2 ‘0 x”/
Y dy 2 My o
o ¢t on O wodw
v = + + :
' 3y 3 x 3 x93y

These nine equations define the nine dependent variables

Ox Oy Ti€x €y Y; £EY w with respect to coordinates x .
and y, as well as relative to the dimensional guantities

s and t and with respect to the defined ex, &, ey
the limitine conditions - '

d w
for — o< x < + wand for y =0, y =1t w = 0, 3 =0
¥y
for y = 0O { = ey x m= 0
for y = ¢ { = ey s + 2t n=ey;t

The guantities & =ni1 t can be sevarately eliminated
when

8 o [al
Ox t O'y t T t ] <£>=- ] <£>er<£>2 E _t_ t w
& 2 Esa’ *\s J s s s2 n s s

i1s chosen as dependent variable, i.e., by writing in the
new equations and in the limiting conditions

x
; and % as independent variables. Then the limiting:

conditions, for example, becomse

for - o <-§-< + o angd for-g-= 0 and % = 1

-\W
(_".._
gzo —£ =0
S ¥
o %
tg t
e X T
for Z:Ogt:x - = 0
t g2 a2 g2



N.A.C.A. Technical Memorandum No. 814 23

2 2 i 2
y t ex t° x g e t° Tt ey e, t

for - =1 ¢ = — =X — = L _5_5_

. T g° 8 t ex g2 g% ex s

The newly chosen dependent variables then depend, apart

x iy t N2 e g -
from =, L on thne quantities ey ( 2N, X =2 de

t t N s / ex ’ ex
fining the limiting conditions. In this nondimensional

form, the effective width, that 1is, wvhich is not de-

%’;
pendent on the coordinates, can therefore be dependent
only on the latter guantities, that is;

t\2 e g
= = - A
b =t ¢, whereby C = C [ex <s> ' ox ' ox }

which. after Aividing both sides by

written as

b r -t 2 ey 4 1
g N4 e€x = Ci1, whereby C; = 0 ti<"> s T T

Iranslation by J. Vanier
National Advisory Zommittee

for Aeronautics.
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Sheet in unlocaded condition
I

Clamping rails.
Tension dars.
Cross bars.
Turnbuckle.
Ball bearing.
Dial gauge.
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gg:z::f welght Figure 19:- Gaugs.
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S, Screws,
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: . e : Figure 1l:- Buckled sheet; buckling
Figure 17,18:- Mounting of load exceeded about
specimen sheet, 40 times,
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0 5 1 Figure 3.~ Theoretical values
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Figure 4.~ Experimentally defined curves for computing the
effective width with regards to the load taken

up by the sheet (2 2 to be writtsn in eguation (1) )

and with regards to the width of the sheet strip to be

considered in the_calculation of the Buckling load of the

angle section (2-%1 to be written in eaquation (1) ).
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Figure 5.~ Owing
to
wrinkling the .
| “compressive stress .
l drops at some _

| distance from the

™ edge stiffener

- to nearly zero.

814
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Figs. 5,6,7,9,11.
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edge stiffeners,
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Figure 9.-
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Figure 11.- The com- D= —
pressive b, {tfl n
stress in the buckled " . O et —
sheet together with n to'o‘b'“ég!‘-/ 2| —]
the bending stress » P 5
due to wrinkling, = o _—31
forms a resultant s o2 s
stress which attains — {\‘«:’ ° ]
its maximum in the — ////@oav‘&Q
sheet center when the — L € qu'v 5O —7
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data for effective width.
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Figs. 8,10,12
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. o Figure 16.- Effective
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T — = ) == _ ..l | gar 6 Jload absoroe
et g ) i and width of sheet strip
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t=20cm S calculation of the buck-

ling load of the edge
stiffener,
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Figure 22.- Coordinate
system,
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